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U
sing light to manipulate objects has
been an intense research subject for
over 10 years.1�4 Optical forces due

to the light�matter interaction have been
well-developed for various optical manipu-
lation techniques to capture particles,5,6

bacteria,7 and cells8 with the size varying
from tens of nanometers to several micro-
meters and exhibited vital applications in
physics,9,10 biology,11 and chemistry.12,13 The
basic physical mechanism of optical manip-
ulation is the “gradient force” originated
from the polarization of small objects by
an inhomogeneous light field.14�16 For plas-
monic nanoparticles, the gradient force can
be greatly enhanced and changed from
attractive to repulsive depending on the
red-shifted or blue-shifted laser frequency
relative to the dipolar surface plasmon peak
of particles.16 As the surface plasmon can be
tuned effectively by the particle size and
shape, size-selective trapping and sorting
of particles can be realized utilizing the
attractive or repulsive nature of the gra-
dient force.17�20 However, based on this

mechanism, the size-selectivity is restricted
by the broad width of the dipolar plasmon
resonance. On the other hand, Fano reso-
nance originated from the interference be-
tween a narrow and broad state and has a
narrower line width than a usual dipolar
plasmon peak. Fano resonance had been
ubiquitously observed in atomic physics21,22

and classical optics.23�29 While much atten-
tion had been paid to its potential applica-
tions in sensing,30�34 nanoantennas,35,36

andoptoelectronic devices,37,38 little is known
about theoptical forceonnanoparticles at the
Fano resonance and its application on the
size-selective optical manipulation.39

In this theoretical paper, we propose a
single-beam solution for the ultrasensitive
optical sorting using the Fano interference-
induced scattering force. We found that, in
an inhomogeneous light beam, the asym-
metric scattering of a plasmonic nanoparti-
cle at its Fano resonance will generate a
force that drags the particle to the beam
center, which is similar to the function of the
conventional gradient force. The magnitude
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ABSTRACT In this paper, we propose a solution for the ultrasensitive optical

selection of plasmonic nanoparticles using Fano interference-induced scattering

forces. Under a Gaussian beam excitation, the scattering of a plasmonic

nanoparticle at its Fano resonance becomes strongly asymmetric in the lateral

direction and consequently results in a net transverse scattering force, that is,

Fano interference-induced force. The magnitude of this transverse scattering force

is comparable with the gradient force in conventional optical manipulation

experiments. More interestingly, the Fano scattering force is ultrasensitive to the

particle size and excitation frequency due to the phase sensitivity of the interference between adjacent plasmon modes in the particle. Utilizing this distinct

feature, we show the possibility of size-selective sorting of silver and gold nanoparticles with an accuracy of about (10 nm and silica-gold core�shell

nanoparticles with shell thickness down to several nanometers. These results would add to the toolbox of optical manipulation and fabrication.

KEYWORDS: size-selective . optical sorting . surface plasmons . Fano resonance . scattering forces

A
RTIC

LE



LI ET AL. VOL. 8 ’ NO. 1 ’ 701–708 ’ 2014

www.acsnano.org

702

of this attractive scattering force at the Fano reso-
nance frequency is comparable with the gradient force
at near-infrared excitation under the same incident
power. More importantly, this Fano interference-
induced force is ultrasensitive to the particle size,
thus it can be utilized for size-selective manipulating
and sorting of, for example, silver, gold, and core/
shell nanoparticles, with the size-selectivity of only
several nanometers. We also reveal that this new
force forms a nonconservative field due to the
polarization-dependent Fano scattering, obviously
different from the conservative gradient force. The
ultrasensitive optical selection would work for var-
ious nanostructures exhibiting Fano resonance
and will certainly open new perspectives in the
development of optical nanomanipulation and
fabrication.40,41

RESULTS AND DISCUSSION

To illustrate the light-scatterer interaction, we first
revisit the anomalous scattering of a single plasmonic
nanoparticle at Fano resonance, where directional
scattering sensitive to the incident frequency of light
was observed.42 As an example, Figure 1 shows the
scattered energy flow around a silver particle (R =
50 nm) excited by a plane wave at λ = 395 nm close
to the quadrupole resonance of the particle. The white
lines and color maps are the direction and logarithmic
modulus of the energy flow, respectively. As expected,
quadrupolar optical whirlpools and saddles appear

around the nanoparticle, and a dominant forward
scattering is observed as shown in the far-field
scattering diagram in Figure 1a, which is consistent
with previous reports.23,43 The directional scattering
will result in a longitudinal interaction SFz exerted on
the particle, which is defined in formula 7 in Methods.
Qualitatively, the force SFz is proportional to the cross
section difference between the backward and forward
scattering, that is,WBS�WFS. If only the first twomodes
are included,23 the scattering cross sections can be
simply expressed as WBS ∼ |3a1 � 5a2|

2 and WFS ∼
|3a1 þ 5a2|

2, where an is the Mie scattering coefficient.
Hence, the physical meaning of SFz is a component of
the scattering force that contains the coupling term
a1a2. It represents the contribution from the Fano
interference between the dipole and the quadrupole.
In the case in Figure 1a, the Fano interference-induced
force SFz is backward force in the longitudinal direction,
as shown by the black arrow in the scattering diagram
in Figure 1a. When the excitation frequency is off the
resonance, a2 can be neglected, and the scattering is
dominated by the normal dipolar mode (see Support-
ing Information Figure S1). Here we should note,
according the definition of formula 7, SFz could be
backward force, while the total longitudinal scattering
force calculated by formula 5 is still pushing forward
(see Methods).3 In the transverse direction, on the
other hand, the SFx remains 0 due to the laterally
symmetric distribution of the scattering energy. How-
ever, a transverse component arises under an inhomo-
geneous excitation; for example, the particle is
positioned off-axis in a Gaussian beam, as shown in
Figure 1b. It is obvious that the scattering toward the
right significantly surpasses the scattering toward the
left in the scattering diagram (for the 3D pattern of the
scattered energy, see Figure S2 in the Supporting
Information), so that a net transverse scattering force
SFx is induced. More importantly, this transverse scat-
tering force drags the particle to the beam center,
similar to the gradient forces in conventional optical
manipulation experiments. Notably, these two kinds of
forces are essentially different in the sense that the
former is a result of Fano interference excited at higher
plasmon modes and the latter is originated from the
dipolar polarization of particles in an electric field
gradient.
To quantify the total optical forces exerted on

particles, rigorous electromagnetic calculations of the
Maxwell stress tensor are performed (see Methods).
Based on the order-of-scattering Mie theory,44 the
time-averaged optical forces contributed by different
plasmon modes are analyzed. In expression 3 in the
Methods, n represents the scattering field contributed
by different plasmon modes. By taking only the n = 1
term (dipolar mode), the dipolar transverse force, that
is, the gradient force, 1Fx can be obtained by formula 5.
As shown by the red circles in Figure 2a, the dipolar

Figure 1. Scattered energy flow Sscattering around a silver
nanoparticle (R = 50 nm) excited at the wavelength λ =
395 nm. (a) Plane wave excitation. (b) Gaussian beam
excitation with the coordinate shown in the inset. Sscattering
is defined in formula 6 in Methods. The yellow curve in
(b) represents the Gaussian profile of the incident intensity.
The beam waist w0 = 0.5 μm. The particle is positioned at
x = w0/2. The wave vector and polarization are indicated by
red and green arrows. The white line and color scale are the
direction and logarithmic modulus of the energy flow,
respectively. Right columns in (a) and (b) are the corre-
sponding scattering diagrams in x�z plane. The black
arrows indicate the resulting scattering forces along x and
z, which are calculated by formula 7 in Methods. The 3D
pattern of the scattered energy is shown in Figure S2 in the
Supporting Information.
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transverse force exerted on a silver nanoparticle
(R = 50 nm) changes slowly with the wavelength and
turns to be repulsive on the blue side of the dipolar
resonance at ∼460 nm. This tendency is consistent
with the behavior of the gradient force predicted by
the dipolar approximation, 1Fx ∼ R∂|GE|2/∂x, where
GE is the electric field of the Gaussian beam and R is
the particle polarizability.45 For the quadrupole
mode (only taking n = 2), the transverse force 2Fx is
relative weak and shifts steeply from attractive to
repulsive at the quadrupole resonance λ = 388 nm, as
shown by the blue dotted curve. However, as dis-
cussed in Figure 1, the optical forces from the
coupling term between different modes should be
considered whenmultipoles are excited. An accurate
calculation of optical forces must include different
modes in the electromagnetic field at the same time.
The result is shown by the black solid curve in
Figure 2a. Surprisingly, at λ = 395 nm, a prominent
asymmetric force dip appears on the slightly red side
of the quadrupole resonance, indicating a strong
attractive force. Note that with the coordinate sys-
tem defined in Figure 1b the attractive force is
negative and it is the same for the following discus-
sion. Obviously, this profound force dip cannot be
comprehended by the simple scalar summation of
individual dipolar and quadrupolar forces.
An analytical understanding of the transverse scat-

tering force can be obtained by inserting the electro-
magnetic expansion into the SF in formula 7. By using
the orthogonality of Legendre functions and neglect-
ing the magnetic amplitude, the transverse scattering
force contributed by the interference between differ-
ent modes can be written as46

SFx∼ ∑
¥

n¼ 1
∑
n

m¼�n

[K(n,m)anma
�
n � 1 mþ 1

þ J(n,m)anma
�
nþ 1 mþ 1] (1)

where K and J are the polynomials of n and m (see
Methods). It is clear that the contributions from the
cross terms of neighboring plasmonic modes are non-
zero. Obviously, SFx is the component that contains the
interference term and, hence, the origination of the
Fano interference force. Here, we take the denotation
FanoFx. The contribution of FanoFx can be as larger as
�0.15 pN at the Fano dip, compared to the weakly
repulsive dipolar gradient force at∼0.05 pN.When this
force is taken into account, the force dip in Figure 2a
can bewell-reproduced by Fx =

1Fxþ 2Fxþ FanoFx. Here,
higher modes (n g 3) are negligible. For example, the
octupole force is already about 1 order of magnitude
smaller than the former two, even considering its cou-
pling with adjacent modes. Hence, n = 2 is enough for
the convergence for the silver particle with R = 50 nm
(see Supporting Information Figure S3).
As the particle size increases, the force dip caused by

the dipole�quadrupole interference significantly red
shifts to 410, 425, and 460 nm for R= 60, 70, and 80 nm,
respectively, which is shown in Figure 2b. Furthermore,
the octupole becomes non-negligible due to the in-
creasing of the particle size. Hence, high-order Fano
dips caused by the interference between adjacent
quadrupole and octupole are observed around
370 nm for these particles. Here we noticed that, due
to the sharp feature of the dip, at a fixed excitation
wavelength, the force will change its sign even for a
small variation of the particle size. For example, at λ ∼
410 nm, the transverse force for a particle R = 60 nm is
strongly attractive, while for larger particles, R = 70 nm,
the force is repulsive.
Utilizing this unique line shape of the Fano inter-

ference scattering force, size-sensitive optical selection
can be realized. Here we consider the two-dimensional
case in the lateral plane (i.e., the focal plane).47 In Figure 3a,
we show the transverse optical potential at the beam
center U0 created by a Gaussian beam of different
wavelengths for silver particles with different sizes. The
potential U0 is the work of the optical force moving the
particle from infinity to the beam center along the x

axis. In our coordinate system, the attractive force will
result in a potential well with negative value. At the
region of U0 < 0 (the right side of the contour U0 = 0),
there are two steep potential valleys indicated by two
white curves, which correspond to the potentials of
Fano scattering forces due to the dipole�quadrupole
and quadrupole�octupole interference. Notably, the
optical potential is ultrasensitive to particle sizes at
these valleys. As shown in Figure 3b, at λ = 410 nm (the
vertical cross section indicated by the blue line in
Figure 3a), the potential well changes its sign sharply
as the particle size increases. It is apparent that the

Figure 2. (a) Transverse optical force Fx exerted on a silver
nanoparticle as a function of the wavelength of the incident
Gaussian beam. The coordinate system is defined in the
inset in Figure 1b. The Gaussian beam (w0 = 0.5 μm and
power P = 10 mW) propagates along the z axis with the
polarization along the x axis. A silver nanoparticle (R =
50 nm) is positioned at w0/2 on the x axis in the focal plane
(z = 0). Individual dipolar and quadrupolar forces are shown
by the red circles and dotted blue curves, respectively. Full
electromagnetic calculation with the order n up to 12 is
shown by the solid curve. (b) Transverse optical forces for
silver nanoparticles with radii of 60 nm (blue), 70 nm
(green), and 80 nm (red). Dashed circles indicate the trans-
verse scattering forces at the quadrupole and octupole
resonances, respectively. The environment is water with
the refractive index ns = 1.33.
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Fano force will only pick particles with R∼ 60( 11 nm
due to the dipole�quadrupole interference and R∼ 96
( 9 nm due to the quadrupole�octupole interference.
For comparison, as shown by the red curve in
Figure 3b, the commonly used near-infrared laser can
capture particles with the size widely from tens to
hundreds of nanometers without size-selectivity. In
practice, such size-selection is important in optical
manipulation ofmetal nanoparticles that exhibit broad
size dispersion, such as Ag sol synthesized according to
Lee�Meisel's protocol.48

For the particles with random Brownian motion in
aqueous environment, it is necessary to characterize
the scattering force for the particle at different posi-
tions in the focal plane of the Gaussian beam (z = 0
plane). In Figure 4, we consider a silver nanoparticle R =
60 nm excited at λ = 410 nm. As discussed above, the
dipole�quadrupole interference will result in the at-
tractive scattering force dragging the particle to the
beam center (white arrows). Interestingly, the trans-
verse force along the x axis is obviously stronger than
the one along the y axis, resulting in a nonconservative
force field,49 which is a consequence of the polariza-
tion-dependent Fano interference between adjacent
plasmon modes. The ratio of the force in the x and y

directions is about 2.7. This is quite different from the
case of a gradient force. For example, under the same
condition but λ = 830 nm, the transverse gradient
force will be conservative (see Supporting Information
Figure S4).
The Fano-induced scattering force is expected to

exist in other plasmonic materials in which the excita-
tion of Fano resonance is possible.We further study the
size-selection of gold nanoparticles in order to expand
the generality of this work. Figure 5 shows the trans-
verse optical force Fx exerted on a gold nanoparticle
(R = 100 nm) as a function of the wavelength of the
incident Gaussian beam. Same as the silver case, the
gold nanoparticle is positioned at w0/2 on the x axis in

the focal plane. By comparing the dipolar approxima-
tion (red curve) and full electromagnetic result (black
curve), a prominent force dip appears at the red side of
the quadrupole resonance (marked by the black cross).
As discussed above, this dip originates from the inter-
ference between the dipole and quadrupole excited in
the gold nanoparticle, except that it is red-shifted
compared to the silver case. Under the incident power
of 10 mW, the magnitude of the attractive Fano force
can be as large as 0.6 pN at λ = 600 nm, while the
gradient force is only 0.03 pN. The size-selection of
gold nanoparticles is shown in Figure 5b. Here we
consider three commonly used lasers: λ= 532, 633, and
830 nm. At λ = 532 nm, shown by the green curve, the
lateral optical force Fx is repulsive for almost all the
particles with the size from tens to hundreds of nano-
meters, while at λ = 633 nm, an attractive force dip
appears around R = 110 and 180 nm, corresponding
to the Fano scattering force caused by the dipole�
quadrupole and quadurpole�octupole interference,
respectively. Interestingly, even at λ = 830 nm, the
optical force will select particles with a radius around
160 and 250 nm due to the Fano interference.

Figure 4. Vector plot of the transverse scattering force for a
silver particle (R = 60 nm) at different positions in the focal
plane of the Gaussian beam. The excitation is λ = 410 nm
with the power of 10mW. The wave vector and polarization
are indicated by red andgreen arrows in the inset. Thewhite
arrows and colors show the direction and magnitude of the
optical forces in the focal plane, respectively.

Figure 5. (a) Transverse optical force Fx exerted on a gold
nanoparticle (R= 100 nm) as a function of thewavelength of
the incident Gaussian beam (power P = 10 mW). The
coordinate system is defined in the inset in Figure 1b. The
gold nanoparticle is positioned at w0/2 on the x axis in
the focal plane (z = 0). Dipolar approximation is shown by
the red curve. Full electromagnetic calculation with the
order n up to 12 is shown by the black solid curve. The
red and black crosses denote the positions of dipole and
quadrupole resonances for the gold nanoparticle, respec-
tively. (b) Transverse optical force Fx as a function of the
particle radius excited at λ = 532, 633, and 830 nm. The
environment is water with ns = 1.33.

Figure 3. Size-selective optical sorting. (a) Color plot shows
optical potential wells at the beamcenterU0 as a function of
particle radius and excitation wavelength under the inci-
dent power of 10 mW. The order n is up to 12. Black curves
are contours of U0 = 0, �30, and �60 kBT, where kB is the
Boltzmann constant and T is the temperature.White dashed
curves indicate the optical potential valleys caused by the
dipole�quadrupole and quadrupole�octupole Fano inter-
ference. (b) Potential well U0 as a function of the particle
radius under the excitation of λ = 410 and 830 nm, corre-
sponding to the cross sections indicated by blue and red
vertical lines in (a), respectively. The beam waist for all
wavelengths is set to 0.5 μm. The environment is water and
T = 300 K.
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This means that, in conventional experiments of
capturing large gold nanoparticles,50 the trapping
mechanism in the lateral plane needs to be recon-
sidered. In our cases shown here, the main force
playing the key role is the scattering force induced
by the interference between different plasmon modes
rather than the dipolar gradient force. The comparison
of the forces contributed by different modes is shown
in Figure S5 in Supporting Information.
Furthermore, we show that the Fano interference-

induced force can also be extended to metal/dielectric
nanoshells. It has been shown that the resonance of
surface plasmons of nanoshells can be easily tuned
from visible to infrared by varying the shell thickness
and the core medium,51,52 resulting in potential appli-
cations in many fields such as imaging and thermal
therapy of tumors and cancers.53,54 Here we consider a
representative nanoshell with a silica core (R = 100 nm)
and gold shell (thickness d = 6, 8, and 10 nm). Figure 6
shows the transverse force Fx exerted on the silica�
gold core�shell particle positioned at x = w0/2 in the
focal plane of a Gaussian beam. Similar to the case of
solid particles, the interference between the dipolar
and quadrupole modes causes prominent force dips
appearing at λ = 900, 830, and 785 nm for d = 6, 8, and
10 nm, respectively. This Fano scattering force is ultra-
sensitive to the shell thickness due to the strong
coupling between the outer and inner surface of the
shell. For example, at λ = 785 nm, the Fx is attractive for
a nanoshell with d = 6 nm and repulsive for the other

two cases, while at λ = 830 nm, the optical force will
attract only the nanoshell with d = 8 nm. The selectivity
of the shell thickness is only a few nanometers.
Finally, we point out that, for the net scattering force

in the z direction, it is overwhelmed by the absorption
force along the light propagation. The 3D trapping
could be possibly realized with the help of the counter-
propagating beam setup or the negatively charged
substrate, which is a topic of future study. Moreover,
from a practical point of view, heating effect is non-
trivial in optical manipulation experiments. Optical
heating of metallic nanoparticles has been investi-
gated,55 and the temperature elevation above the
boiling point of water has been reported.56,57 In our
cases, the Fano interference force occurs on the red
side of themultipole resonance, which already avoids a
large portion of light absorption by the particle. On the
other hand, considering the much weaker power
density used in the present study (∼10 mW/μm2) and
the cooling effect due to possible convection, the
optical heating is expected not to disturb the optical
selection process in the aqueous environment.

CONCLUSIONS

In conclusion, we have investigated the optical force
on a plasmonic nanoparticle at its Fano resonance in a
Gaussian beam. We found that, under the inhomoge-
neous excitation, the lateral asymmetric scattering
caused by the Fano interference between adjacent
plasmonmodes results in a transverse scattering force.
The Fano interference-induced scattering force could
attract or repulse particles into or out of the beam
center sensitively depending on the particle size and
excitation frequency. Using this distinct feature, the
size-selective optical sorting for silver, gold, and core�
shell nanoparticles has been proposed. The selection
precision can be as narrow as a few nanometers.
Although we only focused on spherical particles, the
scheme is general for various plasmonic nanostruc-
tures exhibiting Fano characteristics.23,58 Moreover,
these findings can also be applied to other optical
manipulating techniques, such as surface plasmon
tweezers,59 multiparticle trapping,60 and optical tor-
que rotations,61 which will greatly extend the applica-
tion of optical forces on nanomanipulation, fabrication,
and even lab-on-a chip devices, etc.

METHODS
Computational Method. The electric field of the incident beam

iE is expanded into powers of electrical and magnetic vector
spherical harmonics (Mnm and Nnm) by introducing the corre-
sponding off-axis Gaussian expansion coefficients GCnm1 and
GCnm2

62

iE ¼ ∑
¥

n¼ 1
∑
n

m¼ � n

(GCnm1Mnm þ GCnm2Nnm) (2)

where n ∈ [1,¥] andm ∈ [�n,n] are the multipole order and the
angular number, respectively. The scattering field can be ex-
pressed as

sE ¼ ∑
¥

n¼ 1
∑
n

m¼ � n

(bnmMnm þ anmNnm) (3)

where anm and bnm are the expansion coefficients of Mie
scattering. The permittivities of silver and gold were ad-
apted from the experimental data by Johnson and Christy.63

Figure 6. Transverse optical force Fx exerted on a silica�
gold core�shell nanoparticle as a function of the wave-
length of the incident Gaussian beam (power P = 10 mW).
The core radius isR=100nm, and the shell thickness isd=6, 8,
10 nm for the black, red, and blue curves, respectively.
The configuration is defined in the inset in Figure 1b. The
refractive index of silica is 1.5. The environment is water
with ns = 1.33.
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The spherical Bessel functions in the vector spherical harmonics
take the form of Hankel functions. The magnetic field can be
obtained through the relation

H ¼ 1
iωμ

r� E (4)

The time-averaged optical force can be computed by the
integration of the Maxwell stress tensor T = εEE þ μHH �
1/2(εE2 þ μH2)δ over the surface S enclosing the particle

ÆFæ ¼
I
S

ÆT 3 r̂ædS (5)

where the electromagnetic field includes the incident and
scattered field E = iE þ SE, H = iH þ SH; r̂ is the normal unit
vector pointing out from the surface, and δ is a unit matrix.

Scattering Energy Flow. The scattering energy flow is calcu-
lated by

Sscattering ¼ 1
2
Re(sE� sH�) ð6Þ

The scattering diagram Sscattering is calculated for r . λ at
different polar angle θ. The force SF showed in the diagram in
Figure 1 corresponds to the component

ÆsFæ ¼
I
S

ÆTs 3 r̂ædS (7)

where Ts = εSESE þ μSHSH � 1/2(εSE2 þ μSH2)δ. ÆSFæ is the
component containing the coupling term between different
modes, which could be the pulling force in the longitudinal
direction. The total scattering force computed by formula 5 is
still the pushing force as reported in previous work.3 In an
inhomogeneous excitation, ÆSFæ will have a transverse compo-
nent which is the origination of the attractive Fano interference
force that can be used for the ultrasensitive size-selection.

Analytical Derivation of FanoFx. We focused on the interference
term SFx in formula 7. In spherical coordinate system, formula 7
can be written as

ÆsFæ ¼
I
S

εsE r
sE þ μsH r

sH � 1
2
(εsE2 þ μsH2 )̂r

� �
dS (8)

Considering a particle on x axis, the x component SFx can be
obtained according to the basis vector transformation:

sF x ¼
Z 2π

0

Z π

0

sT rR
2 sin2 θ cos jdθdj (9)

where R is the radius of the integrating sphere, STr takes the
expression

sT r ¼ 1
2
[ε(sEr

sE�r �sEθ
sE�θ �sEj

sE�j)þ μ(sHr
sH�

r �sHθ
sH�

θ �sHj
sH�

j)]

(10)

SFx can be obtained by inserting 3 and 4 into 9 and using the
orthogonality of associated Legendre functions Pn

m(cos θ):

Z 2π

0
ei(m�m0 )φdφ

Z π

0

dPmn (cos θ)
dθ

dPm
0

n0 (cos θ)
dθ

"

þmm0 P
m
n (cos θ)
sin θ

Pm
0

n0 (cos θ)
sin θ

�
sin2 θeiφdθ

¼ 4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(nþm)!

(2nþ 1)(n �m)!

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(n0 þm0)!

(2n0 þ 1)(n0 �m0)!

r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(nþmþ 1)(nþmþ 2)

(2nþ 1)(2nþ 3)

r
n(nþ 2)δnþ 1, n0

"

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(n �m � 1)(n �m)
(2n � 1)(2nþ 1)

r
(n � 1)(nþ 1)δn � 1, n0

#
δmþ 1,m0

(11)

where δm,n is the Kronecker delta. Here, only the terms from
adjacent plasmon modes n0 = n �1, n þ 1 are nonzero.

Obviously, SFx is the component that contains the interference
term and, hence, the origination of the Fano interference force
FanoFx. By neglecting the magnetic amplitude, FanoFx is propor-
tional to

sF x ¼ FanoFx∼ ∑
¥

n¼ 1
∑
n

m¼ � n

[K (n,m)anma
�
n�1 mþ 1

þ J(n,m)anma
�
nþ 1 mþ 1] (12)

where

K (n,m) ¼ 4π
(n2 � 1)(nþm)!

(4n2 � 1)(n �m � 2)!
,

J(n,m) ¼ 4π
n(nþ 2)(nþmþ 2)!

(2nþ 1)(2nþ 3)(n �m)!
(13)
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